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We report measurements of the temperature variance σ2(z, r) and frequency power spectrum
P (f, z, r) (z is the distance from the sample bottom and r the radial coordinate) in turbulent
Rayleigh-Be´nard convection (RBC) for Rayleigh numbers Ra = 1.6× 1013 and 1.1× 1015 and for a
Prandtl number Pr ≃ 0.8 for a sample with a height L = 224 cm and aspect ratio D/L = 0.50 (D is
the diameter). For z/L <∼ 0.1 σ2(z, r) was consistent with a logarithmic dependence on z, and there
was a universal (independent of Ra, r, and z) normalized spectrum which, for 0.02 <∼ fτ0 <∼ 0.2,
had the form P (fτ0) = P0(fτ0)
−1 with P0 = 0.208 ± 0.008 a universal constant. Here τ0 =
√
2R
where R is the radius of curvature of the temperature autocorrelation function C(τ ) at τ = 0. For
z/L ≃ 0.5 the measurements yielded P (fτ0) ∼ (fτ0)−α with α in the range from 3/2 to 5/3. All
the results are similar to those for velocity fluctuations in shear flows at sufficiently large Reynolds
numbers, suggesting the possibility of an analogy between the flows that is yet to be determined in
detail.
Turbulent thermal convection is an important phe-
nomenon in many natural processes, for instance in cli-
matology [1], oceanography [2], geophysics [3], astro-
physics [4], and industry. In experiments, it can be gen-
erated for instance in a confined system between two hor-
izontal plates separated by a distance L and heated from
below in the presence of gravity. This system is known
as Rayleigh-Be´nard convection (RBC) [5–8].
RBC is frequently studied in a cylindrical sample of
height L and diameter D. Its properties are deter-
mined by the Rayleigh number Ra ≡ αg∆TL3/(νκ),
the Prandtl number Pr ≡ ν/κ, and the aspect ratio
Γ ≡ D/L. Here g is the gravitational acceleration,
∆T = Tb − Tt is the temperature difference between the
bottom (Tb) and the top (Tt) plate, and α, ν, and κ are,
respectively, the thermal expansion coefficient, the kine-
matic viscosity, and the thermal diffusivity of the fluid.
When Ra is not too large (say Ra <∼ 1014), there are
thin laminar boundary layers (BLs) adjacent to the top
and bottom plates with most of the temperature differ-
ence sustained by them, while the “bulk” of the fluid be-
tween these BLs is turbulent. The conventional view was
that the bulk is nearly isothermal. This state is known as
“classical” RBC. As Ra increases and exceeds a critical
value Ra∗ which for Pr ≃ 1 is O(1014), the shear stress
from the turbulent bulk will become sufficiently large to
force the BLs into a turbulent state as well and the sys-
tem enters the “ultimate” state which is expected to be
asymptotic as Ra tends toward infinity [9–12].
Recently, it was found that the time-averaged temper-
ature 〈T (t, z, r)〉t (z is the vertical and r the radial co-
ordinate), both in the classical and the ultimate state
but outside the BLs, varies logarithmically with the dis-
tance z/L from the plates when this distance is not too
large (say z/L <∼ 0.1 or so) [13, 14]. Similar logarith-
mic behavior is well known from mean velocity profiles
of near-wall turbulence in shear flows, such as pipe, chan-
nel, and Taylor-Couette flows [15–17]; there it is known
as the “Law of the Wall” [18–20] (for recent reviews, see
[21, 22]). For the ultimate state of RBC a logarithmic
dependence had been predicted for T (z) by Grossmann
and Lohse [11, 23]. For classical RBC its discovery came
as a surprise, but one theoretical explanation was offered
very recently [24].
In this Letter we report measurements of the tem-
perature variance σ2(z, r) and of temperature tempo-
ral frequency spectra P (f, z, r) in the bulk of RBC for
Ra ≃ 1013 and 1015 which are representative of the
phenomena observed in both the classical and the ul-
timate state. Outside the BLs but in the near-wall range
z/L <∼ 0.1, we found that σ2 also varied logarithmi-
cally with z/L. The normalized spectra, when scaled
by τ0 =
√
2R where R is the radius of curvature of
the time autocorrelation function C(τ) at τ = 0, had
a universal form (i.e., were independent of Ra, r, and
z). For 0.02 <∼ fτ0 <∼ 0.2 they were well described by
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FIG. 1. (color online). Experimental results for the vari-
ance σ2(z, r) ≡ 〈[T (t, z, r) − 〈T (t, z, r)〉t]2〉t/(Tb − Tt)2 as a
function of the vertical position z/L for the three radial lo-
cations (R − r)/D = 0.0178 (black circles), 0.0357 (red dia-
monds), and 0.134 (blue triangles) (a): on a linear and (b):
on a logarithmic horizontal scale. All measurements were for
Ra = 1.08 × 1015 and Pr = 0.86. Equation (1) was fit to the
three points with z/L ≤ 0.1. The solid lines are those fits.
P (fτ0) = P0×(fτ0)−1 with P0 a universal constant equal
to 0.208±0.008. Quite remarkably, within our resolution
the same universal constant was found in the classical and
the ultimate state. To our knowledge, these findings are
not explained by present theories for RBC. Away from
the near-wall region, near the horizontal midplane of the
sample (z/L ≃ 0.5), we found a universal spectrum with
a larger negative exponent close to the Obukhov-Corrsin
scaling P (fτ0) ∼ (fτ0)−5/3 for a passive scalar in turbu-
lent flows [25, 26]. As we show below by using the elliptic
approximation (EA) of space-time correlation functions
[27], we find that there is a one-to-one correspondence
between the frequency and wave-number domains, thus
making it plausible that our findings for the temporal
spectra P (f) are closely related to the spatial spectra
E(k).
The apparatus and the procedures were discussed be-
fore [28, 29]. The sample was contained in the High Pres-
sure Convection Facility II, a cell of height L = 2.2 and
diameter D = 1.1 m which in turn was located in a very
large pressure vessel known as the “Uboot of Go¨ttingen.”
The 25 m3 volume of the Uboot and sample were filled
with up to 2000 kg of compressed sulfur hexafluoride
(SF6) at pressures up to 19 bars as the fluid. By main-
taining the mean temperature Tm = (Tb + Tt)/2 close
to 21.5◦C, Pr was kept at 0.79 (0.86) near Ra = 1013
(1015). All measurements had been done under con-
ditions well approximated by the Oberbeck-Boussinesq
equations [30]. The sample was leveled relative to gravity
to within 10−4 rad. In addition to two sets of thermistors
that were reported already in Ref. [13], we installed 58
new thermistors at various vertical and radial locations
to measure the interior temperatures (see the Supplemen-
tary Material [31]).
Figure 1 shows vertical profiles of the temperature vari-
ance σ2(z, r) ≡ 〈[T (t, z, r) − 〈T (t, z, r)〉t]2〉t/(Tb − Tt)2
measured at Ra = 1.08 × 1015 at three different radial
positions r. For z well beyond the thermal BLs (which
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FIG. 2. (a): Temperature autocorrelation function C(τ ) as
a function of the time delay τ measured at z/L = 0.493 and
(R−r)/D = 0.0178 for Ra = 1.08×1015 . The curve represents
the fit of Eq.(2) to the solid dots. (b): τ 2 as a function of the
measured values of 1 − C(τ ) using the data in (a). The line
represents the fit of τ 2 = τ 20 [1−C(τ )] to the solid dots.
TABLE I. Parameters for the temperature spectra shown in
Figs. 3 and 4, and values of τ0 used to scale these spectra. The
τ0 values were derived from the temperature autocorrelation
functions using Eq. (2).
Ra z/L (R − r)/D τ0 ( s ) P0
1.080×1015 0.0179 0.0178 0.709 0.202 ± 0.014
1.080×1015 0.0362 0.0178 0.732 0.216 ± 0.014
1.080×1015 0.0719 0.0178 0.801 0.216 ± 0.012
1.080×1015 0.1437 0.0178 0.854
1.080×1015 0.4933 0.0178 1.417
1.080×1015 0.0719 0.0357 0.829 0.210 ± 0.016
1.080×1015 0.0719 0.1337 0.915 0.196 ± 0.015
1.626×1013 0.0179 0.0178 1.110 0.216 ± 0.012
1.626×1013 0.4933 0.0178 2.051
1.626×1013 0.0179 0.1337 1.285 0.202 ± 0.018
exist for z/L ≪ 10−3) but z/L <∼ 0.1, all the σ2(z, r)
profiles follow closely a logarithmic dependence on z/L,
and can be represented by
σ2(z, r) =M(r) ln(z/L) +N(r) . (1)
As the radial location moves closer to the vertical center-
line of the sample, σ2(z, r) at small z/L decreases while
at midheight (z/L = 0.5) it remains the same. This leads
to a decease of the amplitude M(r).
As most (but not all [7]) previous measurements for
RBC, we report the temporal behaviour of thermal fluc-
tuations. Based on the elliptic approximation (EA) of
space-time cross-correlation functions [27], there exists
an equivalence between spatial and temporal spectra
which is exact to second order in the sense that it is based
on a systematic second-order expansion of the correlation
functions (see the Supplementary Material [31]).
Figure 2 shows a typical temperature autocorrelation
function C(τ). For τ → 0, C(τ) satisfies
C(τ) = 1− (τ/τ0)2 . (2)
Fitting Eq. (2) to the data with the solid dots (τ < 0.1
3s), we get the characteristic time scales τ0 given in Ta-
ble I. Here the determination of τ0 from C(τ) is similar to
the determination of the Taylor microscale from velocity
space autocorrelation functions in turbulent flows [36].
Elsewhere [37] we show that our experimental results
for C(τ) agree well with the EA. An important implica-
tion [31] is that the temperature space correlation func-
tion C(l) is equal to C(τ) provided one chooses l = Veff τ .
Here Veff =
√
U2 + V 2 with U and V the mean speed
and the root-mean-square velocity, respectively. Similar
to τ0, a typical length scale λ0 can be derived from the
curvature of C(l), and the EA requires that λ0 = Veff τ0.
Therefore the two scaled correlation functions C(τ) vs
τ/τ0 and C(l) vs l/λ0 are the same. Taking the Fourier
transform of both, we have
P (fτ0) = E(kλ0) (3)
with fτ0 = kλ0. Thus, the normalized spectrum E(kλ0)
in wave-number space is the same (to second order) as
P (fτ0) in the frequency domain [38], and all arguments
regarding the dependence of E(kλ0) on kλ0 apply equally
well to the dependence of P (fτ0) on fτ0. Since our mea-
surements are in the time domain, we shall continue to
present our results in the form of P (fτ0), but keep in
mind that E(kλ0) would have all the same properties.
In the log layer of turbulent shear flows, similarity anal-
ysis yielded the prediction [39, 40] that the wave-number
spectrum of the velocity should be proportional to k−1
in the intermediate wave-number range, and that this
dependence on the wave number implies the logarithmic
dependence of the velocity variance on position in space.
The arguments leading to these results are quite general
and one may expect by analogy that they also apply to
the temperature variance. As we shall show below, our
data are indeed consistent with P (fτ0) ∼ (fτ0)−1 (or
equivalently in the spatial domain E(kλ0) ∼ (kλ0)−1) in
the region where we also found that σ2(z, r) was consis-
tent with a logarithmic dependence on z/L.
Finally, we turn to experimental results for the spec-
tra. Figure 3 (a) shows compensated normalized temper-
ature frequency power spectra fP (f) as a function of f
from measurements at the radial position (R − r)/D =
0.0178 for two vertical positions: one is in the log layer
(z/L = 0.0179) and the other is at the sample midheight
(z/L = 0.493). At each position measurements are shown
for Ra = 1.08 × 1015 and 1.63 × 1013, representing the
ultimate and the classical state of RBC respectively. One
sees that the shape of the spectrum changes with posi-
tions as well as with Ra.
Using the value of τ0 derived from the autocorrela-
tion function corresponding to each spectrum (see Table
I), we determined the normalized P (fτ0) from the spec-
tra in Fig. 3 (a) and plotted the compensated spectra
(fτ0)P (fτ0) as a function of fτ0 in Fig. 3 (b). The
four spectra now fall into two distinct groups. In the
log layer we find a universal spectrum (i.e., independent
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FIG. 3. (color online). (a): Normalized temperature power
spectra P (f), compensated by the frequency f in Hz, as a
function of f . (b): Normalized spectra, compensated by fτ0,
as a function of fτ0. All data are for the radial location (R−
r)/D = 0.0178. They are for z/L = 0.4933, Ra = 1.08× 1015
(red dashed curve); z/L = 0.4933, Ra = 1.63 × 1013 (blue
circles); z/L = 0.0179, Ra = 1.08 × 1015 (black solid curve);
and z/L = 0.0179, Ra = 1.63 × 1013 (green squares). The
dashed (dotted) line in (b) corresponds to P (fτ0) ∼ (fτ0)−5/3
[P (fτ0) ∼ (fτ0)−1.5].
of Ra) which, over the range 0.02 <∼ fτ0 <∼ 0.2, is de-
scribed well by P (fτ0) = P0 × (fτ0)−α with α ≃ 1.0 and
P0 ≃ 0.208. This observation suggests that the attached-
eddy hypothesis of Ref. [41] and the similarity argument
of Ref. [40] for near-wall turbulence similarly apply to the
RBC bulk temperature (a passive scalar [42, 43]). Else-
where [14] we discuss in more detail these similarities for
the classical state and suggest that the plumes in RBC
may play a role similar to the coherent eddies in shear
flow, and that the inner length scale given by the viscous
sublayer in shear flows (where the coherent eddies orig-
inate) is given by the thermal boundary-layer thickness
λth in RBC (where the plumes originate). However, the
observed universality persists even though one spectrum
is in the classical and the other in the ultimate regime of
RBC, and in the ultimate state a different length scale
(perhaps that of the thermal sublayer) must prevail.
At midheight, far above the log layer, the experimen-
tal spectrum suggests values of α near 1.5 or larger, as
indicated by the dotted (α = 1.5) and dashed (α = 5/3)
lines in Fig. 3 (b). The value 5/3 would be consistent
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FIG. 4. (color online). Normalized temperature spectra,
compensated by fτ0, as a function of fτ0. (a): Spectra
for radial location (R − r)/D = 0.0178 and vertical loca-
tions z/L = 0.0179 (green), 0.0362 (purple), 0.0719 (blue),
0.1438 (red), and 0.4933 (black). For clarity, the red and
black curves were offset by a factor of 2 and 4, respectively.
The dashed line represents P (fτ0) ∼ (fτ0)−5/3 while the dot-
ted lines are power-law fits to the spectra for fτ0 ≤ 0.2. (b)
Spectra for the vertical location z/L = 0.0719 and radial lo-
cations (R− r)/D = 0.0178 (red), 0.0356 (black), and 0.1337
(blue). Both (a) and (b) are measured for Ra = 1.08 × 1015.
(c) Spectra for the vertical location z/L = 0.0179 and radial
locations (R − r)/D = 0.0178 (red) and 0.1337 (black) for
Ra = 1.63 × 1013.
with Obukhov-Corrsin scaling for passive scalars [25, 26],
and suggests correspondence with experimental findings
of Kolmogorov scaling along the center line of turbulent
pipe flow [44]. Temperature power spectra have been
studied before both by experiment [45–48] and theory
[49–51] and have yielded values of α ranging from 1.30
to 1.67. Our spectrum at midheight is very similar to
results from previous studies [52]; like our data, those
results could be interpreted to yield an effective α near
7/5 at low and near 5/3 at slightly higher frequencies.
Figure 4 (a) shows compensated spectra for Ra =
1.08 × 1015 measured at the fixed radial position (R −
r)/D = 0.0178 for varying vertical positions. For the
three positions inside the log layer, the spectra again are
universal and give α ≃ 1.0 for 0.02 <∼ fτ0 <∼ 0.2. As
z/L increases beyond about 0.1, the spectra depart from
the universal form and α increases beyond the value 1.0
found in the log layer. At the sample midheight, α is in
the range of 1.5 (dotted line) to 5/3 (dashed line) as seen
before in Fig. 3. For the position between the log layer
and the horizontal midplane (red curve), the value of α
has an intermediate value, suggesting a gradual transi-
tion from near-wall turbulence to free turbulence.
Figure 4 (b) shows compensated spectra measured at
the fixed height z/L = 0.0719 for different radial loca-
tions and Ra = 1.08× 1015. In both Figs. 4 (a) and (b),
all spectra in the log layer fall on a universal curve in-
dependent of position. Figure 4 (c) shows compensated
spectra measured at heights z/L = 0.0179 for different
radial locations measured at Ra = 1.63 × 1013. These
spectra also collapse onto the same curve as all the others
in the log layer, indicating that P (fτ0) = P0 × (fτ0)−1
inside the log layer is universal in the sense that it is
independent of both radial and axial positions and of
Ra. Remarkably as shown in Table I, a universal value
P0 = 0.208± 0.008 applies for both the ultimate and the
classical state of RBC, if α = 1 is assumed.
In this Letter we presented the results of a systematic
experimental study of the temperature variance σ2(z, r)
and of the spectra P (f, z, r) in a Γ = 0.50 RBC sample
for the ultimate state at Ra = 1.1×1015 and the classical
state at Ra = 1.6 × 1013. For both states we found that
σ2(z, r) varied logarithmically with z/L near the bottom
plate where z/L <∼ 0.1. The log layer for σ2 shares many
similarities with the log layer observed in turbulent shear
flows such as pipe flow, channel flow, and Taylor-Couette
flow [15–17] (regarding this issue, see also [14]).
On the basis of the elliptic approximation of cor-
relation functions [27] we discussed that there is an
equivalence between frequency spectra P (fτ0) and wave-
number spectra E(kλ0) when frequency is scaled by a
time scale τ0 based on the curvature of the time autocor-
relation function of the temperature and the wave num-
ber is scaled by a similarly defined length scale λ0. Thus,
predictions for E(kλ0) apply equally well to P (fτ0).
For both Ra values, and for all radial and axial posi-
tions where the logarithmic dependence of σ2 on z/L was
found, we found that P (fτ0) = P0× (fτ0)−1 in the range
0.02 <∼ fτ0 <∼ 0.2, with P0 a universal constant equal to
0.208±0.008. This result, although with its own indepen-
dent theoretical explanation still missing, shares many
similarities with predictions for the wave-number spec-
trum of velocity fluctuations in the log layer of turbulent
pipe flow [39, 40] where the expected k−1 dependence
remains “elusive” [44].
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